In this paper we derive some identities for the reciprocal sums of products of Pell-Lucas numbers.
Introduction
As is well known, the Fibonacci numbers {F n } ∞ n=0 are generated from the recurrence relation F n = F n−1 + F n−2 (n ≥ 2), with initial condition F 0 = 0 and F 1 = 1. Recently Ohtsuka and Nakamura [9] found interesting properties of the Fibonacci numbers and proved Theorem 1.1 below, where · indicates the floor function and N e (N o , respectively) denotes the set of positive even (odd, respectively) integers. Theorem 1.1 For the Fibonacci numbers, the following identities hold:
F n − F n−1 , if n ≥ 2 and n ∈ N e ; F n − F n−1 − 1, if n ≥ 3 and n ∈ N o ,
= F n−1 F n − 1, if n ≥ 2 and n ∈ N e ; F n−1 F n , if n ≥ 3 and n ∈ N o .
The work of Ohtsuka and Nakamura [9] was generalized by several authors [1] , [2] , [4] , [8] , [10] .
Recently Choo [5] considered the products of two different Fibonacci numbers, and proved Theorem 1.2 below. Theorem 1.2 For the Fibonacci numbers, (a), (b) and (c) below hold:
then there exist positive integers n 0 and n 1 such that
where
then there exist positive integers n 2 and n 3 such that
Similar results were also obtained for the Lucas numbers [6] and Pell numbers [7] . In this paper we study the reciprocal sums of products of two different PellLucas numbers {Q n } ∞ n=0 , which are generated from the recurrence relation
with initial condition Q 0 = Q 1 = 2. Some identities are obtained for the following numbers:
Main results
We use the following lemma to prove our main results.
On the other hand
and (e) also holds.
Our main results are stated in the following theorem.
Theorem 2.1 For the Pell-Lucas numbers, (a), (b) and (c) below hold:
Proof. (a) To prove (6), consider
where, by Lemma 2.1(e),
and
Assume that n ∈ N e . Since g m < 0 and 14Q m − 6Q m+1 − 3g m > 0, then there exists a positive integer m 0 such that X 1 > 0 for n ≥ m 0 , and
Repeatedly applying the above inequality, we have
Similarly there exists a positive integer m 1 such that
Next, consider
Using Lemma 2.1(d), we have
Suppose that n ∈ N o . Since
and there exists a positive integer m 2 such that, for n ≥ m 2 ,
.
On the other hand,
Suppose that n ∈ N e . Since
then there exists a positive integer m 3 such that, for n ≥ m 3 , X 3 < 0 and
, from which we have
Then (6) follows from (9), (10), (11) and (12).
(b) From Lemma 2.1(e), we have
Repeated applying the above equality, we obtain (7).
(c) Let m ≥ 3 and assume that
Replacing g m byĝ m inX 1 , we havẽ
Then, X 1 < 0 if n ≥ 2 and n ∈ N e or if n ≥ m 4 and n ∈ N o for some positive integer m 4 , and we have
, if n ≥ 2 (n ∈ N e ) or if n ≥ m 4 (n ∈ N o ).
(13) Similarly, there exist positive integers m 5 and m 6 such that X 2 > 0 if n ≥ m 5 and n ∈ N e , or if n ≥ m 6 and n ∈ N o , from which we have 
=
2Q n+5 Q n − 33, if n ≥ 2 and n ∈ N e ; 2Q n+5 Q n + 31, if n ≥ 1 and n ∈ N o , etc.
